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ESSENTIAL NORMS OF DIFFERENCE OF GENERALIZED
COMPOSITION OPERATORS FROM α-BLOCH SPACES TO
β-BLOCH SPACES
NING XU AND ZE-HUA ZHOU∗
Abstract. In this paper, we study the boundedness and essential norms of
the differences of two generalized composition operators acting from α-Bloch
space to β-Bloch space on the open unit disk. From essential norms, we get the
compactness of the differences of two generalized composition operators. This
study has a relationship to the topological structure of generalized composition
operators acting from α-Bloch space to β-Bloch space.
1. Introduction
Let D be an open disk in the complex plane C and H(D) be the class of all
functions analytic in D. We denote by S(D) the set of all analytic self-maps on D.
For 0 < α <∞, recall that the Bloch type space Bα, or α-Bloch space, consists of
all f ∈ H(D) such that
‖f‖α = sup
z∈D
(1− |z|2)α|f ′(z)| <∞.
It is well known that Bα is a Banach space under the norm ‖f‖Bα = |f(0)|+ ‖f‖α.
The little α-Bloch Bα0 is a subspace of B
α, consisting of all f ∈ H(D) such that
lim
|z|→1
(1 − |z|2)α|f ′(z)| = 0. When α = 1, Bα is classical space B.
For z, w ∈ D, the pseudo-hyperbolic distance ρ(z, w) between z and w is given
by
ρ(z, w) =
∣∣∣ w − z
1− wz
∣∣∣.
For λ ∈ D, Let σλ be the Mo¨bius transformation of D defines by
σλ(z) =
λ− z
1− λz
.
We remark that ρ(λ, z) = |σλ(z)| ≤ 1.
An analytic self-map ϕ ∈ S(D) induces the composition operator Cϕ, defined
by Cϕ(f) = f(ϕ(z)) for f analytic on S(D). The composition operator has been
studied by many researchers on various spaces (see, for example, [1] and references
therein). Motivated by the fact that composition operators and weighted compo-
sition operators naturally come from isometries of some functions spaces, in [2],
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for g ∈ H(D) and ϕ ∈ S(D), Li and Stevic´ defined the generalized composition
operatorCgϕ as follows:
Cgϕf(z) =
∫ z
0
f ′(ϕ(ξ))g(ξ)dξ z ∈ D.
The boundedness and compactness of the generalized composition operator on Zyg-
mund spaces and Bloch-type spaces were investigated in [2]. Some related results
concerning the generalized composition operator on various spaces can be found in,
for example, [3–6].
The essential norm of a bounded linear operator T : X → Y is its distance to
the set of compact operators K mapping X to Y , that is,
‖T ‖e,X→Y = inf{‖T −K‖X→Y : K is compact},
where X , Y are Banach spaces and ‖ · ‖X→Y is the operator nom.
Recently, many researchers have been studying the difference of two operators.
The study of the difference of two operators is motivated by the difference of two
composition operators which was started on H2. The main purpose for this study is
to understand the topological structure of C(H2), the set of composition operators
on H2, see [7]. Then, MacCluer, Ohno and Zhao [8] considered the above problems
on H∞. These works gave a relationship between a component problem and the
behavior of the difference of two composition operators acting from B to H∞. After
that, the study of the difference of two operators, such as boundedness, compactness
and essential norms have been studied on several spaces of analytic functions by
many authors, see [9–15].
As an analogue, the topological structure of the set C(Bα → Bβ) of bounded
generalized composition operators from Bα to Bβ can be considered. In this context,
we deal with the differences of generalized composition operators from Bα to Bβ.
The main purpose of this paper is to express the boundedness and essential norms
of Cgϕ − C
h
ψ from B
α to Bβ which generalize [16]. The authors expect that these
results will play some roles in the succeeding investigation.
For two quantities A and B which may depend on ϕ and ψ, we use the abbrevi-
ation A . B whenever this is a positive constant C(independent of ϕ and ψ) such
that A ≤ CB. We write A ∼ B if A . B . A.
2. Prerequisites
In this section, we give some notions and auxiliary lemmas needed in the proof
of the following theorems. We use the following notion:
ρ(z) = ρ(ϕ(z), ψ(z)), τ(z) =
(1− |ϕ(z)|2)(1 − |ψ(z)|2)
(1− ϕ(z)ψ(z))2
.
We remark that
|σϕ(z)(ψ(z))| = ρ(z)
and |τ(z)| = 1− ρ2(z).
For convenience for the statements of our main results, we note
Dϕ,g(z) :=
(1 − |z|β)g(z)
(1− |ϕ(z)|2)α
Dψ,h(z) :=
(1− |z|β)h(z)
(1 − |ψ(z)|2)α
.
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Lemma 2.1. [12] Let 0 < α < ∞. For all z, w ∈ D, the Bloch-type induced
distance is given by
♭α(z, w) = sup
‖f‖Bα≤1
|(1 − |z|2)αf ′(z)− (1− |w|2)αf ′(w)|.
Then
♭α(z, w) . ρ(z, w).
Remark 2.1. Especially, define the function fa(z) =
∫ z
0
(1−|a|2)α
(1−au)2α du see [12].
Then ‖fa‖Bα = 1. From Lemma 2.1, take a = ϕ(z), we have that
|1− τα(z)| =
∣∣∣1− (1 − |ϕ(z)|2)α(1− |ψ(z)|2)α
(1− ϕ(z)ψ(z))2α
∣∣∣
= |(1− |ϕ(z)|2)αf ′ϕ(z)(ϕ(z))− (1− |ψ(z)|
2)αf ′ϕ(z)(ψ(z))|
≤ ♭α(ϕ(z), ψ(z)) . ρ(z).
The following lemma can be proved in a standard way(see,e.g.,Proposition 3.11
in [1])
Lemma 2.2 Assume that ϕ, ψ ∈ S(D), g, h ∈ S(D). Then Cgϕ−C
h
ψ : B
α → Bβ is
compact if and only if Cgϕ−C
h
ψ is bounded and for any bounded sequence {fk}k∈N in
Bα which converges to 0 uniformly on compact subsets of D, ‖(Cgϕ−C
h
ψ)fk‖Bβ → 0
as k→∞.
3. Boundedness of Cgϕ − C
h
ψ: B
α → Bβ
In this section we give the characterization for the boundedness of the differences
of generalized composition operators from Bα to Bβ. For any a ∈ D, we define the
following test functions see [12]
ga(z) =
∫ z
0
(1− |a|2)α
(1 − au)2α
a− u
1− au
du.
It is easy to see that ‖ga‖ ≤ ‖fa‖Bα = 1. To prove the result in this section, we
need the following Propositions.
Proposition 3.1. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following
inequalities hold:
(i) sup
z∈D
|Dϕ,g(z)|ρ(z) . sup
a∈D
‖(Cgϕ − C
h
ψ)fa‖Bβ + sup
a∈D
‖(Cgϕ − C
h
ψ)ga‖Bβ .
(ii)sup
z∈D
|Dψ,h(z)|ρ(z) . sup
a∈D
‖(Cgϕ − C
h
ψ)fa‖Bβ + sup
a∈D
‖(Cgϕ − C
h
ψ)ga‖Bβ .
(iii)sup
z∈D
|Dϕ,g(z)−Dψ,h(z)| . sup
a∈D
‖(Cgϕ − C
h
ψ)fa‖Bβ + sup
a∈D
‖(Cgϕ − C
h
ψ)ga‖Bβ .
Proof. For any z ∈ D, take a = ϕ(z), we have that
‖(Cgϕ − C
h
ψ)fϕ(z)‖Bβ ≥
∣∣∣ (1− |z|2)β
(1− |ϕ(z)|2)α
g(z)−
(1− |z|2)β(1− |ϕ(z)|2)α
(1− ϕ(z)ψ(z))2α
h(z)
∣∣∣
≥ |Dϕ,g(z)| − |τ
α(z)||Dψ,h(z)|,
and
‖(Cgϕ − C
h
ψ)gϕ(z)‖Bβ ≥ (1− |z|
2)β
∣∣∣g′ϕ(z)(ϕ(z))g(z)− g′ϕ(z)(ψ(z))h(z)
∣∣∣
= |τα(z)||Dψ,h(z)|ρ(z).
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Thus
|Dϕ,g(z)|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fϕ(z)‖Bβρ(z) + ‖(C
g
ϕ − C
h
ψ)gϕ(z)‖Bβ
≤ ‖(Cgϕ − C
h
ψ)fϕ(z)‖Bβ + ‖(C
g
ϕ − C
h
ψ)gϕ(z)‖Bβ .
Similarly
|Dψ,h(z)|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fψ(z)‖Bβ + ‖(C
g
ϕ − C
h
ψ)gψ(z)‖Bβ .
Hence, we have
|Dϕ,g(z)|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ .
Similarly
|Dψ,h|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ .
By Lemma 2.1, we obtain that
‖(Cgϕ − C
h
ψ)fϕ(z)‖Bβ ≥ |Dϕ,g(z)−Dψ,h(z)| − |1− τ
α(z)||Dψ,h(z)|
& |Dϕ,g(z)−Dψ,h(z)| − |Dψ,h(z)|♭α(ϕ(z), ψ(z))
& |Dϕ,g(z)−Dψ,h(z)| − |Dψ,h(z)|ρ(z).
Thus
|Dϕ,g(z)−Dψ,h(z)| ≤ ‖(C
g
ϕ − C
h
ψ)fϕ(z)‖Bβ + |Dψ,h(z)|ρ(z)
. ‖(Cgϕ − C
h
ψ)fϕ(z)‖Bβ + ‖(C
g
ϕ − C
h
ψ)fψ(z)‖Bβ
+ ‖(Cgϕ − C
h
ψ)gψ(z)‖Bβ
. ‖(Cgϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ ,
which implies that (iii) holds.
Proposition 3.2. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following
inequalities hold:
(i) sup
a∈D
‖(Cgϕ − C
h
ψ)fa‖Bβ ≤ sup
n∈N
sup
z∈D
(n+ 1)α(1 − |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣.
(ii) sup
a∈D
‖(Cgϕ − C
h
ψ)ga‖Bβ ≤ sup
n∈N
sup
z∈D
(n+ 1)α(1 − |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣.
Proof. For any a ∈ D, recall that,
1
(1− au)2α
=
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
akuk, u ∈ D.
Then, we express fa into expansion as
fa(z) = (1− |a|
2)α
∫ z
0
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
akukdu.
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Noticing that ((Cgϕ − C
h
ψ)fa)(0) = 0, hence
‖(Cgϕ − C
h
ψ)fa‖Bβ ≤ sup
z∈D
(1− |z|2)β(1− |a|2)α
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
|a|k
×
∣∣∣ϕk(z)g(z)− ψk(z)h(z)
∣∣∣
≤ (1− |a|2)α
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
(k + 1)−α|a|k
× sup
z∈D
(k + 1)α(1 − |z|2)β
∣∣∣ϕk(z)g(z)− ψk(z)h(z)
∣∣∣,
by Stirling’s formula, Γ(k+2α)
k!Γ(2α) (k + 1)
−α ≈ kα−1, k →∞. Note that (see [17]).
1
(1− |a|2)α
=
∞∑
k=0
Γ(k + α)
k!Γ(α)
|a|k and
Γ(k + α)
k!
≈ kα−1, k →∞,
we have
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
(k + 1)−α|a|k ≈
∞∑
k=0
(k + 1)α−1|a|k ≈
1
(1− |a|2)α
,
thus we have
‖(Cgϕ − C
h
ψ)fa‖Bβ . sup
n∈N
sup
z∈D
(n+ 1)α(1− |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣.
Therefore (i) holds.
Note that
a− u
1− au
= a− (1 − |a|2)
∞∑
k=0
akuk+1.
By an analogous calculation, we have that (see [12])
ga(z) = afa(z)− (1− |a|
2)α+1
∫ z
0
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
ak−1ukdu
Therefore,
‖(Cgϕ − C
h
ψ)ga‖Bβ ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ
+ sup
z∈D
(1− |a|2)α+1(1− |z|2)β
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1
×
∣∣∣ϕk(z)g(z)− ψk(z)h(z)
∣∣∣
= ‖(Cgϕ − C
h
ψ)fa‖Bβ + (1 − |a|
2)α+1
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1
× sup
z∈D
(1− |z|2)β
∣∣∣ϕk(z)g(z)− ψk(z)h(z)
∣∣∣,
by Stirling’s formula,
k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
≈
k−1∑
l=0
l2α ≈ k2α, k →∞
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Hence
(1− |a|2)α+1
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1
× sup
z∈D
(1− |z|2)β
∣∣∣ϕk(z)g(z)− ψk(z)h(z)
∣∣∣
≤ (1− |a|2)α+1
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1k−α
× sup
n∈N
sup
z∈D
nα(1− |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣
. (1− |a|2)α+1
∞∑
k=1
kα|a|k−1 sup
n∈N
sup
z∈D
nα(1− |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣
. sup
n∈N
sup
z∈D
(n+ 1)α(1− |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣.
Thus
‖(Cgϕ − C
h
ψ)ga‖Bβ . sup
n∈N
sup
z∈D
(n+ 1)α(1 − |z|2)β
∣∣∣ϕn(z)g(z)− ψn(z)h(z)
∣∣∣.
Hence (ii) holds.
Theorem 3.3. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following
statements are equivalent.
(i) Cgϕ − C
h
ψ : B
α → Bβ is bounded.
(iia)sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|+ sup
z∈D
|Dψ,h(z)|ρ(z) <∞.
(iib)sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|+ sup
z∈D
|Dϕ,g(z)|ρ(z) <∞.
(iii)‖(Cgϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ <∞.
(iv)sup
n∈N
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)| <∞.
Proof. (i)⇒(iv) Suppose that Cgϕ − C
h
ψ : B
α → Bβ is bounded. When n ≥ 1.
Consider the function zn. From [18], we see that ‖zn‖Bα . n
1−α. Let fn(z) =
zn/‖zn‖Bα , then ‖fn‖Bα = 1. Hence
∞ > ‖Cgϕ − C
h
ψ‖Bα→Bβ ≥ ‖(C
g
ϕ − C
h
ψ)fn‖Bβ
& sup
z∈D
n
n1−α
(1− |z|2)β |ϕn−1(z)g(z)− ψn−1(z)h(z)|
= sup
z∈D
nα(1− |z|2)β |ϕn−1(z)g(z)− ψn−1(z)h(z)|
which implies that sup
n∈N
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)| <∞.
(iv)⇒(iii) From proposition 3.2, it is easy to obtain.
(iii)⇒(ii) From proposition 3.1, it is easy to obtain.
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(ii)⇒(i) Let f ∈ Bα and ‖f‖Bα ≤ 1. By Lemma 2.1, we have
‖(Cgϕ − C
h
ψ)f‖Bβ ≤ sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|(1− |ϕ(z)|
2)α|f ′(ϕ(z))|
+ sup
z∈D
|Dψ,h(z)|
∣∣∣(1− |ϕ(z)|2)αf ′(ϕ(z))− (1 − |ψ(z)|2)αf ′(ψ(z))
∣∣∣
. sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|+ sup
z∈D
|Dψ,h(z)|ρ(z).
Hence, we obtain
‖Cgϕ − C
h
ψ‖Bα→Bβ . sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|+ sup
z∈D
|Dψ,h(z)|ρ(z).
Similarly
‖Cgϕ − C
h
ψ‖Bα→Bβ . sup
z∈D
|Dϕ,g(z)−Dψ,h(z)|+ sup
z∈D
|Dϕ,g(z)|ρ(z).
Thus, the statements (i),(iia),(iii),(iv) are equivalent. Similarly, the statements
(i),(iib),(iii),(iv) are equivalent. The proof of the theorem is complete.
4. Essential norm of Cgϕ − C
h
ψ: B
α → Bβ
In this section we give an estimate for essential norm of Cgϕ − C
h
ψ from B
α to
Bβ. We need some auxiliary results. For r ∈ (0, 1), let Krf(z) = f(rz). Then
Kr is a compact operator on the space B
α or Bα0 for any positive number α, with
‖Kr‖Bα ≤ 1. The following lemma can be found in [18]:
Lemma 4.1. Let 0 < α <∞. Then there is a sequence {rk}
∞
k=1 with 0 < rk < 1
tending to 1, such that the compact operator Ln =
1
n
n∑
k=1
Krk acting on B
α
0 satisfies:
(i) For any t ∈ [0, 1), lim
n→∞
sup
‖f‖Bα≤1
sup
|z|≤t
|[(I − Ln)f ]
′(z)| = 0.
(ii) For any s ∈ [0, 1), lim
n→∞
sup
‖f‖Bα≤1
sup
|z|≤s
|(I − Ln)f(z)| = 0.
(iii) lim sup
n→∞
‖I − Ln‖ ≤ 1.
Furthermore, these statements hold as well for the sequence of biadjoints L∗∗n on
Bα.
Here we prove the following two useful propositions in this section.
Proposition 4.2. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following
inequalities hold:
(i) lim
r→1
sup
|ϕ(z)|>r
|Dϕ,g(z)|ρ(z) . lim sup
|a|→1
‖(Cgϕ−C
h
ψ)fa‖Bβ+lim sup
|a|→1
‖(Cgϕ−C
h
ψ)ga‖Bβ .
(ii) lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z) . lim sup
|a|→1
‖(Cgϕ−C
h
ψ)fa‖Bβ+lim sup
|a|→1
‖(Cgϕ−C
h
ψ)ga‖Bβ .
(iii)
lim
r→1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)| . lim sup
|a|→1
‖(Cgϕ − C
h
ψ)fa‖Bβ
+ lim sup
|a|→1
‖(Cgϕ − C
h
ψ)ga‖Bβ .
Proof. We only need to note the proof of proposition 3.1 permit us to obtain
the following consequence. For any z ∈ D, we have
|Dϕ,g(z)|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ .
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Similarly
|Dψ,h(z)|ρ(z) ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ + ‖(C
g
ϕ − C
h
ψ)ga‖Bβ ,
and
|Dϕ,g(z)−Dψ,h(z)| . ‖(C
g
ϕ − C
h
ψ)fϕ(z)‖Bβ + ‖(C
g
ϕ − C
h
ψ)fψ(z)‖Bβ
+ ‖(Cgϕ − C
h
ψ)gψ(z)‖Bβ .
Proposition 4.3. Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). Then the following
inequalities hold:
(i) lim sup
|a|→1
‖(Cgϕ−C
h
ψ)fa‖Bβ . lim sup
n→∞
sup
z∈D
(n+1)α(1−|z|2)β |ϕn(z)g(z)−ψn(z)h(z)|.
(ii) lim sup
|a|→1
‖(Cgϕ−C
h
ψ)ga‖Bβ . lim sup
n→∞
sup
z∈D
(n+1)α(1−|z|2)β |ϕn(z)g(z)−ψn(z)h(z)|.
Proof. For any a ∈ D and each N , it follows from the proof of proposition 3.2
that
‖(Cgϕ − C
h
ψ)fa‖Bβ ≤ (1− |a|
2)α|
N∑
k=0
Γ(k + 2α)
k!Γ(2α)
(k + 1)−α|a|k
× sup
z∈D
(k + 1)α(1− |z|2)β |ϕk(z)g(z)− ψk(z)h(z)|
+ (1− |a|2)α|
∞∑
k=N+1
Γ(k + 2α)
k!Γ(2α)
(k + 1)−α|a|k (4.1)
× sup
n≥N+1
sup
z∈D
(n+ 1)α(1 − |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|,
Note that
∞∑
k=0
Γ(k + 2α)
k!Γ(2α)
(k + 1)−α|a|k ≈
1
(1− |a|2)α
,
and sup
n∈N
sup
z∈D
(n + 1)α(1 − |z|2)β |ϕn(z)g(z) − ψn(z)h(z)| < ∞, let |a| → 1 in (4.1)
leads to
lim sup
|a|→1
‖(Cgϕ − C
h
ψ)fa‖Bβ
. sup
n≥N+1
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|.
Therefore (i) holds.
Similarly for any a ∈ D and each N , from the proof of proposition 3.2,
‖(Cgϕ − C
h
ψ)ga‖Bβ ≤ ‖(C
g
ϕ − C
h
ψ)fa‖Bβ (4.2)
+ (1− |a|2)α+1
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1
× sup
z∈D
(1− |z|2)β |ϕk(z)g(z)− ψk(z)h(z)|,
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and
(1 − |a|2)α+1
∞∑
k=1
( k−1∑
l=0
Γ(l + 2α)
l!Γ(2α)
)
|a|k−1
× sup
z∈D
(1 − |z|2)β |ϕk(z)g(z)− ψk(z)h(z)|
. (1 − |a|2)α+1
N∑
k=1
kα|a|k−1 sup
z∈D
kα(1− |z|2)β |ϕk(z)g(z)− ψk(z)h(z)|
+ (1 − |a|2)α+1
∞∑
k=N+1
kα|a|k−1
× sup
n≥N+1
sup
z∈D
nα(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|
. (1 − |a|2)α+1
N∑
k=1
kα|a|k−1 sup
z∈D
kα(1− |z|2)β |ϕk(z)g(z)− ψk(z)h(z)|
+ sup
n≥N+1
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|.
Let |a| → 1 in (4.2), we get
lim sup
|a|→1
‖(Cgϕ − C
h
ψ)ga‖Bβ . lim sup
|a|→1
‖(Cgϕ − C
h
ψ)fa‖Bβ
+ sup
n≥N+1
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|.
Hence (ii) holds.
Theorem 4.4 Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). If both Cgϕ and C
h
ψ are
bounded from Bα to Bβ, then
‖Cgϕ − C
h
ψ‖e,Bα→Bβ ≈ lim
r→1
sup
|ϕ(z)|>r
|Dϕ,g(z)|ρ(z) + lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z)
+ lim
r→1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)|
≈ lim sup
n→∞
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|
Proof. First, we give the upper estimate. Let {Ln} be the sequence of operators
given in Lemma 4.1. Since each Ln is compact as an operator from B
α to Bα, so is
(Cgϕ − C
h
ψ)Ln, and we have
‖Cgϕ − C
h
ψ‖e,Bα→Bβ ≤ lim sup
n→∞
‖Cgϕ − C
h
ψ − (C
g
ϕ − C
h
ψ)Ln‖Bα→Bβ
= lim sup
n→∞
‖(Cgϕ − C
h
ψ)(I − Ln)‖Bα→Bβ
≤ lim sup
n→∞
sup
‖f‖Bα≤1
‖(Cgϕ − C
h
ψ)(I − Ln)f‖Bβ
= lim sup
n→∞
sup
‖f‖Bα≤1
sup
z∈D
(1− |z|2)β
∣∣∣[(I − Ln)f ]′(ϕ(z))g(z)
− [(I − Ln)f ]
′(ψ(z))h(z)
∣∣∣.
10 N. XU AND Z.H. ZHOU
For an arbitrary r ∈ (0, 1). For the sake of simplicity, we note
Hfn(z) = (1− |z|
2)β
∣∣∣[(I − Ln)f ]′(ϕ(z))g(z)− [(I − Ln)f ]′(ψ(z))h(z)
∣∣∣
and set
D1 = {z ∈ D : |ϕ(z)| ≤ r |ψ(r)| ≤ r}, D2 = {z ∈ D : |ϕ(z)| ≤ r |ψ(r)| > r},
D3 = {z ∈ D : |ϕ(z)| > r |ψ(r)| ≤ r}, D4 = {z ∈ D : |ϕ(z)| > r |ψ(r)| > r}.
Then
J = sup
‖f‖Bα≤1
sup
z∈D
Hfn(z) = max sup
‖f‖Bα≤1
sup
z∈Di
Hfn(z) = max{J1, J2, J3, J4},
where Ji = sup
‖f‖Bα≤1
sup
z∈Di
Hfn(z). By (i) of Lemma 4.1
lim sup
n→∞
J1 = lim sup
n→∞
sup
‖f‖Bα≤1
sup
z∈D1
Hfn(z)
≤ lim sup
n→∞
sup
‖f‖Bα≤1
sup
|ϕ(z)|≤r
(1 − |z|2)β |g(z)|
∣∣∣[(I − Ln)f ]′(ϕ(z))
∣∣∣
+ lim sup
n→∞
sup
‖f‖Bα
sup
|ψ(z)|≤r
(1− |z|2)β |h(z)|
∣∣∣[(I − Ln)f ]′(ψ(z))
∣∣∣
= 0
where we use the fact that sup
z∈D
(1− |z|2)β |g(z)| <∞ and sup
z∈D
(1− |z|2)β |h(z)| <∞.
Since Cgϕ and C
h
ψ are bounded from B
α to Bβ. In addition,
Hfn(z) = (1− |z|
2)β
∣∣∣[(I − Ln)f ]′(ϕ(z))g(z)− [(I − Ln)f ]′(ψ(z))h(z)
∣∣∣
≤ |Dϕ,g(z)−Dψ,h(z)|(1− |ϕ(z)|
2)α
∣∣∣[(I − Ln)f ]′(ϕ(z))
∣∣∣
+ |Dψ,h(z)|
∣∣∣(1− |ϕ(z)|2)α[(I − Ln)f ]′(ϕ(z))
− (1− |ψ(z)|2)α[(I − Ln)f ]
′(ψ(z))
∣∣∣
. |Dϕ,g(z)−Dψ,h(z)|(1− |ϕ(z)|
2)α
∣∣∣[(I − Ln)f ]′(ϕ(z))
∣∣∣ + |Dψ,h(z)|ρ(z).
Similarly
Hfn(z) . |Dϕ,g(z)−Dψ,h(z)|(1− |ψ(z)|
2)α
∣∣∣[(I − Ln)f ]′(ψ(z))
∣∣∣+ |Dϕ,g(z)|ρ(z).
Hence
lim sup
n→∞
J2 . lim sup
n→∞
sup
‖f‖Bα≤1
sup
z∈D2
[
|Dϕ,g(z)−Dψ,h(z)|(1 − |ϕ(z)|
2)α
× |[(I − Ln)f ]
′(ϕ(z))|+ |Dψ,h(z)|ρ(z)
]
. lim sup
n→∞
sup
‖f‖Bα≤1
sup
|ϕ(z)|≤r
[
|Dϕ,g(z)−Dψ,h(z)|(1− |ϕ(z)|
2)α
× |[(I − Ln)f ]
′(ϕ(z))|
]
+ sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z)
. sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z),
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where we use (i) of Lemma 4.1 and the fact sup
z∈D
|Dϕ,g(z)−Dψ,h(z)| <∞. Since r
is arbitrary, we have
lim sup
n→∞
J2 . lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z).
Similarly, we can prove that
lim sup
n→∞
J3 . lim
r→1
sup
|ϕ(z)|>r
|Dϕ,g(z)|ρ(z).
Also
lim sup
n→∞
J4 . lim sup
n→∞
sup
‖f‖Bα≤1
sup
z∈D4
[
|Dϕ,g(z)−Dψ,h(z)|(1 − |ϕ(z)|
2)α
× |[(I − Ln)f ]
′(ϕ(z))|+ |Dψ,h(z)|ρ(z)
]
. lim sup
n→∞
sup
‖f‖Bα≤1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)|‖(I − Ln)f‖Bα
+ sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z)
. sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)|‖(I − Ln)f‖Bα
+ sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z),
where we use
lim sup
n→∞
‖(I − Ln)f‖Bα ≤ lim sup
n→∞
‖(I − Ln)f‖‖f‖Bα ≤ 1.
Thus, we have
lim sup
n→∞
J4 . lim
r→1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)|+ lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z).
Hence, from proposition 4.2 and 4.3, we obtain
lim sup
n→∞
J = max
{
lim sup
n→∞
J1, lim sup
n→∞
J2, lim sup
n→∞
J3, lim sup
n→∞
J4
}
. lim
r→1
sup
|ϕ(z)|>r
|Dϕ,h(z)|ρ(z) + lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z)
+ lim
r→1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)|
. lim sup
|a|→1
‖(Cgϕ − C
h
ψ)fa‖Bβ + lim sup
|a|→1
‖(Cgϕ − C
h
ψ)ga‖Bβ
. lim sup
n→∞
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)| (4.3)
Next, we give the lower estimate. Let n ≥ 1. Consider the function fn =
zn/‖zn‖Bα . Then ‖fn‖Bα = 1 and fn converges to 0 weakly in B
α. In particular,
if K is any compact operator from Bα to Bβ, then lim
n→∞
‖Kfn‖Bβ = 0. Therefore
‖Cgϕ − C
h
ψ −K‖Bα→Bβ ≥ lim sup
n→∞
‖(Cgϕ − C
h
ψ −K)fn‖Bβ
≥ ‖ lim sup
n→∞
(Cgϕ − C
h
ψ)fn‖Bβ .
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Hence
‖Cgϕ − C
h
ψ‖e,Bα→Bβ ≥ lim sup
n→∞
(Cgϕ − C
h
ψ)fn‖Bβ
& lim sup
n→∞
sup
z∈D
n
n1−α
(1− |z|2)β |ϕn−1(z)g(z)− ψn−1(z)h(z)|
= lim sup
n→∞
sup
z∈D
nα(1− |z|2)β |ϕn−1(z)g(z)− ψn−1(z)h(z)|
= lim sup
n→∞
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)|. (4.4)
Combining (4.3) and (4.4), we immediately get the desired result. The proof is
complete.
From Theorem 4.4, we immediately get the following corollary.
Corollary 4.5 Let 0 < α, β < ∞. Let ϕ, ψ ∈ S(D). If both Cgϕ and C
h
ψ are
bounded from Bα to Bβ, then the following statements are equivalent.
(i) Cgϕ − C
h
ψ : B
α → Bβ is compact.
(ii)
lim
r→1
sup
|ϕ(z)|>r
|Dϕ,h(z)|ρ(z) = lim
r→1
sup
|ψ(z)|>r
|Dψ,h(z)|ρ(z)
= lim
r→1
sup
|ϕ(z)|>r
|ψ(z)|>r
|Dϕ,g(z)−Dψ,h(z)| = 0
(iii) lim sup
|a|→1
‖(Cgϕ − C
h
ψ)fa‖Bβ = lim sup
|a|→1
‖(Cgϕ − C
h
ψ)ga‖Bβ = 0.
(iv) lim sup
n→∞
sup
z∈D
(n+ 1)α(1− |z|2)β |ϕn(z)g(z)− ψn(z)h(z)| = 0.
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